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Abstract 

In this paper, we study conditions under which the solutions of a back- 
ward stochastic differential equation with jump remains in a given set of 
. constrains. This property is the so-called "viability property". As an ap- 

C<~) ! plication, we study the comparison theorem for multidimensional BSDEs 

*^ ' with jumps. 
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1 Introduction 



£ i Viability properties for stochastic differential equations (SDEs) and incln- 

sions had been introduced and studied by Aubin-Da Prato in [2], [3] and [4]. 
The key point of their work was a "stochastic tangent cone" which general- 
ized the well-known Bouligand's contingent cone used for deterministic systems. 
Buckdahn-Peng-Quincampoix-Rainer [6] used a new method to get the necessary 
and sufficient condition for the viability property of SDEs with control. They re- 
lated viability with a kind of optimal control problem and applied the comparison 
theorem for viscosity solutions to some H-J-B equation. In 2000, renewed inter- 
ests arouse in the study of viability for backward stochastic differential equations 
(BSDEs) in the paper of Buckdahn-Quincampoix- Ra§canu [7]. Their approach 
differed from the above mentioned methods and based on the convexity of the 
distance function of K (when A' is a closed convex set). This enabled them to 
deduce some condition in differential form on the distance function of K which 
is necessary as well as sufficient. 
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In the present paper, we shall adopt the approach of Buckdahn et al. [7] to 
study the backward stochastic viability property (BSVP) with jumps. 

As we know, the comparison theorem and the converse comparison theorem 
for real-valued BSDEs with or without jumps had been studied by many math- 
ematicians. We refer to Peng [13], Pardoux-Peng [12], El Karoui-Peng-Quenez 
[9], Coquet-Hu-Memin-Peng [8], Barles-Buckdahn-Pardoux [5], Wu [15], Royer 
[14] and their references. In 2006, Hu-Peng [10] first use the BSVP to study the 
comparison theorem for multidimensional BSDEs and get necessary and sufficient 
condition. 

So We can apply our results of the BSVP with jumps to study the comparison 
theorem for multidimensional BSDEs with jumps combining the approach used 
in Hu-Peng [10]. 

This paper is organized as follows: In the next section, we state some basic 
assumptions and basic estimates for BSDEs with jumps. And then we state the 
main result of the paper on the BSVP. In Section 3, we apply our main result to 
the comparison theorem for BSDEs with jumps. Finally, in Appendix, we give 
the proof of our main result. 



2 The BSVP with jumps in closed sets 

Let (O, J 7 , P, (.Ft)t>o) be a complete stochastic basis such that JFq contains 
all P-null elements of J 7 , and J c t + : = n £ >oJ r i+ £ = Tt,t > 0, and T = Tt-, and 
suppose that the filtration is generated by the following two mutually independent 
processes: 

(i) a d- dimensional standard Brownian motion {W t )o<t<Ti and 

(ii) a stationary Poisson random measure N on (0, T] x E, where E C i?'\{0}, E is 
equipped with its Borel field Be, with compensator N(dtde) = dtn(de), such that 
n(E) < oo, and {N((0,t} x A) = (N - N)((0,t] x A)} 0<t < T is an ^-martingale, 
for each A G Be- 

By T > we denote the finite real time horizon. We define some spaces of 
processes. Let S^ r j denote the set of ^-adapted cadlag m-dimensional processes 
{Xti < t < T} which are such that 

||Y|U , := (E[ sup |Y| 2 ])^<oo. 

1,1 0<t<T 

Let L? 0T i(VF) be the set of J-'-progressively measurable m x d dimensional pro- 
cesses {Z t , < t < T} which are such that 

\\Z\\ L 2 qt]{w) := (E f \Z t \ 2 dt)^ <oo. 

J 
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By L 2 0T JN) we denote the set of mapping U : X [0, T] x E — > R m which are 
V x Be measurable and such that 



T 



L fo, T] W := ( E / / \ u t(e)\ n (de)dt)i < oo, 

where V denotes the cr-algebra of J-"t-predictable subsets of Q x [0, T]. Finally we 
define 

^[o,t] = $[o,t] x L[ 0tT ](W) x L[ 0)T ](iV). 
Consider the following BSDE with jump: 

Y t = i+ ! f(s,Y s ,Z s ,U s )ds- f Z s dW s - [ [ U s (e)N(dsde),0<t<T, 
Jt Jt Jt Je 

(2.1) 

where £ G L 2 (f2, .Fy, P, R m ) is a given random variable and / : Q x [0, T] x i? m x 
r xd x L 2 (£, B E , n; f? m ) ^ R m a measurable function. 
We suppose that there exists L > such that 

(HI) /(•, •, y, z, it) is progressively measurable, f(u, -,y, z, u) is continuous, 
(H2) \f(t, y, z, u) - f(t, y\ z\ u')\ < L(\y - y'\ + \z - z'\ + \\u - u'\\), 
(H3) su Po <,< T |/(t,0,0,0)| EL 2 (n,F T ,P,R m ), 

for all < t < T, y, y' G R m , z, z' G R mxd , u, v! G L 2 (E, B E , n; R m ), P - a.s.. 

Let's recall the existence and uniqueness result for BSDEs with jumps (see 
[5]): 

Proposition 2.1. Let (H1)-(H3) holds true. Then for any given 
£ G L 2 (Q, F T , P, R m ) , there exists an unique triple (Y,Z,U) G B 2 0T ^ which solves 
BSDE (2.1). 

Note that the notion of BSDE with jump generalizes the well-known martin- 
gale representation property. Indeed, in the particular case of / = we have the 
following Lemma (see [11]): 

Lemma 2.2. For any £ G L 2 (Q, Tt-, P, R m ) , there exist a unique RiX) be- 
longing to L 2 0T -^(W) and a V G L 2 0T ](iV) such that 

£ = £(£)+ / R s dW s + [ [ V s (e)N(dsde). (2.2) 



Jo Jo Je 

For completeness, we give the following definition of stochastic viability: 
Definition 2.3. Let K be a nonempty closed subset of R m . 

(a) A stochastic process {Y t , t G [0, T}} is viable in K if and only if for P-almost 

uj G Q, 

Y t (u)eK, VtG[0,T]. 
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(b) The closed subset K enjoys the BSVP for the equation (2.1) if and only if: 

Vt E [0,7], V£ E L 2 {VL,F U P,K), there exists a solution (Y,Z,U) E B^ t] to 
BSDE (2.1) over the time interval [0,t], 



Y s = £+ I f(r,Y r ,Z r ,U r )dr- [ Z r dW r - [ [ U r (e)N(drde), s E [0, t], 

J s Jt Jt Je 

such that {Y s , s E [0, t}} is viable in K . 

The question we are interested in is that when K enjoys the BSVP for BSDE 
(2.1). 

Let us define for any closed set K C R m the multivalued projection of a point 
a onto K: 

IIr: (a) := {b E K\ \a — b\ = min \a — c\ — <ix(a)}. 

cg_ftT 

Recall that 11^ (a) is a singleton whenever d% is differentiable at the point a. 
According to Motzkin's Theorem Tlx is single-valued if and only if K is convex. 
Notice that d 2 K {-) is convex when K is convex, and thus, due to Alexandrov's 
Theorem [1], d 2 K (-) is almost everywhere twice differentiable. By twice differen- 
tiable, we mean that the function admits a second order Taylor expansion. And 
this may hold true even if the first derivative is not continuous. 

We need an auxiliary result on BSDEs with jumps. Give any £ E L 2 (Q, J-y, P, R m ), 
we denote by (Y, Z, U) the unique solution to BSDE (2.1) and by R, V the pro- 
cesses associated to £ by Lemma 2.2. With these notations we can state 

Proposition 2.4. Suppose that (H1)-(H3) hold true. Then there exist real 
positive constants Co, M such that for all £ E L 2 (Q, J 7 ?, P, R m ), 



E[snp se[ttT] \Y s \ 2 \^ t }+E[[ \Z s \ 2 ds\F t }+E[[ [ \U s (e)\ 2 n(de)ds\F t ] 

Jt Jt Je 

< C {E[\Z\ 2 \T t ] + E[(J \f(s,0,0,0)\ds) 2 \T t ]},tE [0,T], 

(2.3) 

and for all e E [0, T], 

E[sup se[T „ £T] \Y S - E(Z\F S )\ 2 \F T _ £ ] +E[f \Z S - R s \ 2 ds\ F T „ £ ] 

Jt-s 

+E[f [ \U s {e)-V s {e)\ 2 n{de)ds\T T _ e ] (2.4) 
Jr-e Je 

fT 



< C sE[f \f(s,E(Z\F B ), R 81 V s )\ 2 ds\T T -e] 
Jr-e 
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in particular, there exists a positive constant M such that 

E[\Y t - E(^ t )\ 2 ] + E[ f \Z S - R s \ 2 ds] + E[ f [ \U s {e) - V s {e)\ 2 n{de)ds\ 

Jt Jt Je 

< (T — t)M, t G [0, T\. 

(2.5) 

Now we can get the following theorem. 

Theorem 2.5. Suppose that f : Qx[0,T]x R m x R mxd x L 2 (E, B E , n; R m ) -> 
R m is a measurable function which satisfies (H1)-(H3). Let K be a nonempty 
closed set. If K enjoys the BSVP for BSDE (2.1), then the set K is convex. 

Proof: The method is totally the same as that in Theorem 2.4 in [7] thanks 
to (2.5) in Proposition 2.4. So we omit it. 

Since the previous theorem means that only convex sets could have the BSVP 
even with jumps, we restrict our attention to closed convex sets. 

Theorem 2.6. Suppose that f : Qx[0,T}x R m x R mxd x L 2 (E, B E , n; R m ) -> 
R m is a measurable function which satisfies (H1)-(H3). Let K be a nonempty 
closed set. The set K enjoys the BSVP for BSDE (2.1) if and only if: 

y(t,z,u) e [0,T] x R mxd x L 2 (E, Be, n; R m ) and for all y G R m such that 
d 2 K (-) is twice differentiable at y, 

My -ILk(v), f(t,y,z,u)) 
< (D 2 d 2 K (y)z,z)+C*d 2 K (y) (26) 

+2 / [d 2 K {y + u{e))-d 2 K {y)-2{y-U K (y),u(e))]n{de),P-a.s., 



where C* > is a constant which does not depend on (t,y,z,u). 

Let us notice that, under assumption (H2), condition (2.6) takes form: 

A(y-H K (y)J(t,U K (y),z,u)) 
< (D 2 d 2 K (y)z,z) + (C* + 4L)d 2 K (y) 

+2 f [d 2 K (y + u(e))-d 2 K (y)-2(y-Il K (y),u(e))]n(de),P-a.s.. 



Je 

On the other hand, for some C > 0, the condition 

(2.7) 

u(e))]n(de), P — a.s. 
implies (2.6) with constant C + 4L instead of C*. 



A(y-U K {y)J{t,U K {y),z,u)) 

< (D 2 d 2 K (y)z 1 z) + C'd 2 K (y) + 

2 / [d 2 K (y + u(e))-d 2 K (y)-2(y-Il K (y) 1 u(e))]n(de),P-a.s. 



E 
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This shows that (2.6) is a condition only on the values of f(t, •, z, u) on dK. 
Recall also that the behavior of dx on R m is completely determined by that of 
dK. 

Remark 2.7. Because D 2 [d 2 K ] is almost everywhere positive semidefinite, and 

d\{y + u(e)) - d 2 K {y) - 2(y - U K (y),u(e)) 
= (y + u(e) - U K (y) + U K (y) - U K (y + u(e))) 2 - (y - Il K (y)) 2 - 2(y - U K (y), 
= \u(e) + U K (y) - Tl K (y + u(e))\ 2 + 2(y - U K (y),U K (y) - U K (y + u(e))) 
> 0. 

The last inequality is from the convexity of K . So a sufficient condition for the 
BSVP of K with jumps is that there exists some constant C* > 0, such that, for 
all (t,y,z,u), 

4(y - U K (y), f(t, y, z, u)) < C*d 2 K (y),P - a.s.. (2.7') 



Example 2.8. If we set K = {(xi,x 2 )|xf + x\ < 1}. In this case, 

r fi ( \ — j 0, when x G K, 

k[X) ~ { (\x\ - l) 2 , when x E R 2 \K. 

Moreover, d 2 K {-) G C l (R 2 ) and twice differentiate when x G R 2 \dK. To satisfy 
(2.7') , we can choose 

f(t,y,z,u) = y-U K (y). 

So obviously, (2.7') holds true with C* > 4. In fact the following BSDE with jump 
does enjoy BSVP for K : 

Y t = £+ [ (Y s -U K (Y s ))ds- [ Z s dW s - [ [ U s (e)N(dsde),0<t<T. 



t J E 



In deed, the following BSDE with jump has the same solution with above when 



Y t = i- [ Z s dW s - [ [ U s (e)N(dsde),0<t<T. 
Jt Jt Je 

So 

\Y t \ 2 = \E[^ t }\ 2 <Em 2 \T t ]<l. 
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3 The comparison theorem of multidimensional 
BSDEs with jumps 

In this section, with the BSVP theory with jumps we have got in the previous 
section, we can use the same method as in [10] to study the comparison theorem 
for multidimensional BSDEs with jumps. 

Consider the following BSDEs: % = 1,2, 

Y l t = C + f f(s, Y s \ Zi Ul)ds - f Z\dW s - f I UlN(dsde), (3.1) 

Jt Jt Jt J E 

where /\/ 2 satisfy (H1)-(H3), and £\£ 2 G L 2 (Q, J 7 , P). In this subsection, we 
study the following problem: under which condition the comparison theorem 
holds? Interestingly, this problem is transformed to a viability problem in R 1 ? x 
R m of (Y 1 -Y 2 ,Y 2 ). 

Theorem 3.1. Suppose that f 1 and f 2 satisfy (H1)-(H3). Then the following 
are equivalent: 

(i) For any s G [0, T], V£\ £ 2 G L 2 (Q, F s , P; R m ) such that f 1 > £ 2 , the unique 
solutions (Y X ,Z X ,U X ) and (Y 2 ,Z 2 ,U 2 ) in B^ s] to the BSDE (3.1) over interval 
[0, s] satisfy: 

Y X >Y 2 , te[0,s); 

(ii) WG[0,T], V(y,y'), V(z,z'), V(u,u'), 
-4(y~ f x (t, y + + y', z, u) - f 2 (t, y>, z' , u')) 



in 



< 2 E hin.<o}\ z k - 4I 2 + C\y~\ 2 + 2 E I {ykm / \(y k + u fc (e) - u' k (e)y\ 2 n(de 



k=l k=l JE 

m r 

+ 2 E J {^<o} / [\{Vk + u k (e) - u' k (e)Y\ 2 - \y^\ 2 - 2y k (u k (e) - u' k (e))]n(de) , P - a.s., 

k=l JE 

(3.2) 

where C is a constant which dose not depend on t, (y, y'), (z, z'), (u, u'). 
Proof: Set 



Y t = {Y x - Y 2 , Y 2 ), Z t = [Z] - Z 2 , Z 2 ), U t = {Ul - U 2 , U t 



Then (i) is equivalent to the following: 

(hi) For any s G [0,T],V£ = (q,£ 2 ) such that > 0, the unique solution 
(Y, Z, U) to the following BSDE over time interval [0, s]: 

f* S I* S (* S f* 

Y t = l+ / f(s,Y s ,Z s: U s )ds- / Z s dW s - / / U s N(dsde), (3.3) 
Jt Jt Jt Je 
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satisfies Y 1 > 0, where for y = (y 1 ,?/ 2 ), z = (z 1 ,^ 2 ), u = (u 1 ,^), 

f(t, y, z, u) = (f\t, , y 1 + f, z 1 + z 2 ,u 1 + u 2 ) - f 2 (t, y\ z\ u 2 ),f 2 (t, f, z 2 , u 2 )). 

So we can apply Theorem 2.6 to BSDE (3.3) and the convex closed set K := 
R™ x R m . Obviously, when y = (y,y') G K, (2.7) and (3.2) holds true naturally. 
When y = (y, y') G R 2m \K, since \/x = (x\x 2 ) G R 2m , 

(x 1 )+ \ / -(x v 

I ,x - U K (x) 



x 



So 



And 



dUx) = \(x 1 r\ 2 = J2 I H<oM\ 2 - 



k=l 



where 



= 2mX 2m, when x G K°, 

(D 2 d 2 K )(x) ■{ does not exist, when x G dK, 

= (aij)2mx2m, when x G R 2m \K, 

{0, m < i < 2m, 
0, 1 < i < m, x\ > 0, 
2, 1 < i < m, x\ < 0. 

We can get that (2.7) is equivalent to 

-4(y-, f(t, y + + y', z, u) - f 2 (t, y', z', u')) 

m m r 

< 2 £ I{y k <o}W - 4f + C\y~\ 2 + 2 £ /^o / |(y fc + u fc (e) - <(e))-| 2 n(cfe) 

fc=l fe=l JE 

m f 

+ 2 E hv k <v} I [\{Vk + M e ) - u' k (e)Y\ 2 - \y k \ 2 - 2y k (u k (e) - u' k (e))]n{de) . 

k=l JE 

□ 

Theorem 3.2. Let m = 1. Suppose that f 1 and f 2 satisfy (H1)-(H3). Then 
the following are equivalent: 

(i) For any s G [0,T] ; V£\£ 2 G L 2 (fi, T s , P; R) such that £ > £ 2 , £/ie «gae 
solutions (Y X ,Z X ,U X ) and (Y 2 ,Z 2 ,U 2 ) in Bjj, a] to the BSDE (3.1) over interval 
[0, s] satisfy: 

Y t l >Y 2 , tE[0,s}; 

(ii) V(t,y',z) e[0,T}xRx R lxd , 

Vu, u' G L 2 (E, Be,ti] R) such that u > u' ,n(de) — a.s., 

f\t, y>, z, u) - f 2 (t, y', z, u')>- I (u(e) - u'(e))n(de). (3 " 4) 

JE 
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Proof: (i)=>- (ii). Since m — 1, choose y < 0, z = z', u > u', from (3.2), we have 
Ay(f\t,y',z',u)-f 2 (t,y',z',u')) 

< Cy 2 + 2 J i\( y + u (e)-u'(e))-\ 2 -y 2 -2y(u(e)-u>(e))]n(de) 

< Cy 2 + 2 I -2y(u(e) - u'{e))n{de). 

Je 

Dividing by Ay and letting y tend to 0, we get (3.4). 

(ii)=> (i). When y > 0, (3.2) holds true naturally. When y < 0, from (3.4) we 
have: Vi G [0, T], y', z, z', u, u', 

Ay^y^z^-f^y^z'.u')] 
= Ay[f\t, y', z, u) - f\t, y', z', u)} + Ay[f\t, y', z\ u) - f 2 (t, y', z', I {u>u , } u' + I {u < u > 
+MP( t > V', z'i I{u>u'}u' + I{u<u'}u) - f 2 (t, y', z', u')] 

< 2L 2 y 2 + ^\f\t,y',z,u) - f\t,y> ',z',u)\ 2 + [ -Ay(u(e) - u'(e))n(de) 

J{u>u'} 

+2L 2 y 2 + ±\f 2 (t, y', z', I {u>u , } u> + I {u < u , } u) - f 2 (t, y>, z', u')\ 2 

< (AL 2 + 2n(E))y 2 + 2\z- z'\ 2 + 2 [ \u(e) - u'(e)\ 2 n(de) 

J{u<u'} 

+ / (-2y 2 )n(de) + / -±y(u(e) - u(e))n(de) 

J{u>u'} J{u>u'} 

< (AL 2 + 2n(E))y 2 + 2\z- z'\ 2 + 2 [ \u(e) - u'(e)\ 2 n(de) 

J{u<u'} 

+2 I [\(y + u(e) - u\e)Y\ 2 - y 2 - 2y(u(e) - u'(e))]n(de) 

J{u>u'} 

= (AL 2 + n(E))y 2 + 2\z - z'\ 2 + 2 [ [\(y + u(e) - u\e)Y\ 2 - y 2 - 2y(u(e) - u\e))\ 

JE 

□ 

Remark 3.3. When m = 1, (3.4) constrains the form of the dependence of 
the generators in the jump components of the BSDEs. We refer the reader to Wu 
[15], Royer [14] for the analogue of (3.4) which can be somewhat contained by 
(3.4). But the most important of all, (3.4) is a necessary and sufficient condition 
for the comparison theorem to hold. While in almost any other references on the 
comparison theorem for 1-dimensional BSDEs with jumps, the results are just 
sufficient. 

Remark 3.4. The following example and counter-example show that (3.4) is 
really a necessary and sufficient condition for comparison theorem. 

Let E = R\ {0}, n{de) = 5i{de). Then 

N t = [ [ N{dsde),0< t < T, 
Jo Je 
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is a standard Poisson process. 

(a) If we choose 

f\t,y,z,u) = f(t,y,z,u) = -^(1), 

then V(t, y, z) G [0, T] x R x R lxd and Vu, u' G L 2 (E, B E , n; fl) snc/i tfwrf 

i* > it', n(ofe) — a.s., 

we have 

f(t,y,z,u)-f(t,y t z t u') = -^(li(l)-u'(l)) > -(«(1)-«'(1)) = - ! (u(e)-u'(e))n(de). 

This means that (3.4) holds true. So We know that comparison theorem holds. 
For example, for any s G [0, T], if we choose 

e = N s >e = o, 

then for all t G [0, s], 

(Y t \Zl,U}) = (N t + l(s-t),0,I {e=1} ), 
p?,z*,v*) = (0,0,0). 

It's clear that P{Y^ > Y t 2 } = 1, for all0<t<s. 

(b) On the other hand, if we choose 

f\t,y,z,u) = f 2 (t,y,z,u) = -2u(l) 

and 

e = N s ,e = o,\/se[o,T}, 

then for all t G [0, s], 

(Y t \Z},Ul) = (N t -(s-t),0,I {e=1} ), 
(Y*,ZlUi) = (0,0,0). 

Obviously, N s > 0, P - a.s., but P{Y? < Y t 2 } > 0, for all < t < s. This is 
because, in this case, 

f(t,y,z,u)-f(t,y t z t u') = -2(«(l)-u'(l)) < -(u(l)-u'(l)) = - / (u(e)-u'(e))n(<fe). 
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Corollary 3.5. Let m — 1 and suppose furthermore that f 1 and f 2 are 
independent of u and satisfy (H1)-(H3). Then the following are equivalent: 

(i) For any s G [0, T\, V£\ £ 2 G L 2 {VL, J" s , P; R) such that f 1 > £ 2 ; »gae 
solutions (Y x t Z x ,U x ) and (Y 2 ,Z 2 ,U 2 ) in B 2 s] to tfae 5SZ>£ over interval 
[0, s] satisfy: 

Yl>Yl te[0,s); 

(ii) f x (t,y,z) > f 2 (t,y,z),Wt G [0,T\,V(v,*) £ R * ^ 1X "- 
This generalizes the result in [10]. 

Now consider the special case when f 1 = f 2 = f ■ Then we have: 

Theorem 3.6. Suppose that f satisfies (H1)-(H3). Then the following are 
equivalent: 

(i) For any s G [0, T], V£\ £ 2 G L 2 (Q, J 7 ,, P; P m ) suc/i i/jcrf f 1 > £ 2 , the unique 

? 2 

[0, s] satisfy: 

Y t l >Y 2 , te[o,s) 



solutions (Y 1 , Z x , U l ) and (Y 2 ,Z 2 ,U 2 ) in Bl s] to the BSDE (3.1) over interval 



(ii) For any k — 1, 2, m, 

(a) f k depends only on z k , 

(b) f k (t, S k y + y f , z k , u) - f k (t, y', z k , «')>-/ (w fc (e) - u' fc (e))n(<fe), 



J E 

Vm > ti', n(de) — a.s., /or any 5 fc y G R m such that 5 k y > 0, [S k y) k = 0; 
There exists a positive constant Co, s.t., 
Vy,y',z,u,u' satisfy u < u',n(de) — a.s., 

m 

E I {y k<0 }^Vk{fk{t, y + + y', z k , u) - f k (t, y', z k , u')) 

k=l 

m r 

<C \y-\ 2 + 2y:i {yk<a} / \u k {e) - u' k (e)\ 2 n(de) 

k=l J E 

m r 

+ 2 E hvkzo} / \(Vk + Me) - u' k (e)y\ 2 n(de). 

k=l J E 

(3.5) 

Proof: From Theorem 3.1, (i) is equivalent to (3.2) with J 1 = f 2 . What we 
have to do is to prove that, when f 1 = f 2 , (3.2) <3> (ii). 

Let us pick y k < 0, and y = yke k , z k = z' k , u = u', from (3.2), we have 
%fc(/fc(*, y\ z, u) - f k {t, y', z, u)) < Cy\. 
We deduce easily that 

\f k (t,y',z,u) - f k (t,y',z',u)\ = 0, when z k = z' k . 
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So obviously, f k depends only on z k . 

Moreover, for 5 k y E R m such that 5 k y > 0, (S k y) k = 0, putting in (3.2) with 
y = 5 k y — ee k , e > 0, z = z', u(e) > u'(e),n(de) — a.s., we have 

-4e(/ fc (t, 5 k y + y', z k ,u)- f k (t, y', z k , u')) 
< Ce 2 + 2 / [|(-e + u k (e) - u' k (e)Y\ 2 - e 2 + 2e(u k (e) - u' k (e))]n(de) . 

J E 

Dividing by — 4e and letting e — >■ 0, we hence get (b) in (3.5). 

For (c), it's straightforward by (3.2) with u < u',n{de) — a.s.. 

(ii)=r*(3.2). When y > 0, (3.2) holds true naturally. When there exist 1 < 
k < n, such that, y k < 0. Wt G [0, T], y', 2, z', u, we set u = (iik)™^, where 

Uk = I{u k >u' k }U k + I{ Uk < u ' k }U k . 

So we have u > u, u < u' . Then from (ii) we have: 

m 

E hvk<^yk[fkit, y + + y', z k , u) - f k (t, y', z' k , u')] 

k=l 
m 

= E hy k <o} A yk[fk(t, y + + y', z k , u) - f k (t, y + + y', z' k , u) 
k=i 

+ fk(t, y + + y\ z' k , u) - f k (t, y + + y', z' k , u) 
+ fk(t, y + + y', z' k , u) - f k (t, y', 4, u')] 

m r 

< E hy k <o } m 2 + 2n(E) + C )y 2 + 2\z k - z' k \ 2 + 2 / \u k (e) - u' k (e)\ 2 n(de)] 

k=l J {u^<u' k } 

m r 

+ E J {s/ fc <o} / 2[\(y k + u k (e) - u' k (e)Y\ 2 -y\- 2y k {u k {e) - u' k {e))n{de) 

k=l J{u k >u' k } 

+ 2 E hvk>o} / \(Vk + Me) - u' k (e)y\ 2 n{de). 

k=l J E 

Remark 3.7. When f k depends only on u k , with (b) in (3.5) and the Lipschitz 
condition of f w.r.t. u we have 

m 

E hy k<0 } A yk{fk{t, y + + y', z k , u k ) - f k (t, y', z k , u' k )) 

k=l 

m 

= E hvk<o}^VkUk{t, y + + y', z k , u k ) - f k (t, y', z k , u k ) + f k (t, y', z k , u k ) - f k (t, y', z k , 

k=l 

m 

< E Amko} 4 !/* (/*(*> y', z k , u k ) - fk(t, y', z k , u' k )) 
fc=i 

m r 

< 2L 2 \y~\ 2 + 2 £ hy k<0 } / Me) - u' k (e)\ 2 n(de). 

k=l J E 

So the condition (c) in (3.5) can be cancelled: 
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Theorem 3.8. Suppose that f satisfies (H1)-(H3) and f k depends only on 
u k . Then the following are equivalent: 

(i) For any s G [0, T\, V£\ £ 2 G L 2 (fi, J 7 ,, P; R m ) such that (* > £ 2 ; the unique 
solutions (Y X ,Z X ,U X ) and (Y 2 ,Z 2 ,U 2 ) in B^ s] to the BSDE (3.1) over interval 
[0, s] satisfy: 

Yl>Yl te[0,s}; 

(ii) For any k — 1, 2, m, 

{(a) /fc depends only on z k \ 
(b) Vu > it', n(de) — a.s., for any 5 k y G R m such that 6 k y > 0, (5 k y)k = 0, 
fk(t, $ k y + 2/', «fc, «fc) - y', «*i u' k )>- J (u k (e) - u' k {e))n{de). 



Corollary 3.9. //we suppose that f is independent of u, then the following 
are equivalent: 

(i) For any s G [0, T], V^ 1 , £ 2 G L 2 (fi, P; R m ) such that ^ > £ 2 , the unique 
solutions (Y 1 ,^ 1 ,^ 1 ) and (Y 2 ,Z 2 ,[/ 2 ) zn B 2 ^ to BSDE ^5.^ over interval 
[0, s] satisfy: 

Yl>Yl tE[0,s}; 

(ii) For any /c = 1, 2, n, 

f k depends only on z k and 

f k (t, 5 k y+y', z k ) > f k (t, y', z k ), for any 5 k y G FT such that S k y > 0, (S k y) k = 0. 
This generalizes the result in [10]. 

At the end of this section, we study the comparison theorem for multidimen- 
sional BSDEs with jumps. 

We define § m as the space of symmetric real m x m matrices, and denote by 
§™ the subspace of S m containing the nonnegative elements in S m . Without loss 
of generality, we set d = 1 . 

Let us again consider a function F, which will be in the sequel the generator 
of the BSDE, defined on Q x [0,T] x § m x § m x § m , with values in § m , such 
that the process (F(t, y, z, u))te[o,T] is a progressively measurable process for each 
(y, z, u) G S m x § m x § m . 

We consider the following matrix-valued BSDE with jump: 
Y t = Z+ [ F(s,Y s ,Z s ,U s )ds- [ Z s dW s - [ [ U s (e)N(dsde), (3.6) 

Jt Jt Jt J E 
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where £ G L 2 (fi, J 7 , P; § m ). 

We want to study when the comparison theorem holds for two BSDE of type 
(3.6). 

Consider the following two BSDEs: i = 1,2, 

Yi = C+ f F\ Sl Y s l ,Zl,Ul)ds- [ T ZldW s - f [ U l s (e)N(dsde), (3.7) 

Jt Jt Jt J E 

where F\ F 2 satisfy (H1)-(H3), and f 1 , £ 2 G L 2 (fi, J 7 , P; § m ). We study the same 
problem as that in the preceding content: under which condition the comparison 
theorem holds for matrix-valued BSDEs? Interestingly, this problem is trans- 
formed again to a viability problem in §™ x § m . 

Theorem 3.10. Suppose that F 1 and F 2 satisfy (Hl)-(HS). Then the fol- 
lowing are equivalent: 

(i) For any s G [0, T], V^ 1 , £ 2 G L 2 (fi, J 7 , P; § m ) snc/i that ^ > £ 2 , tfae unique 
solutions (Y 1 ,^ 1 ,!/ 1 ) and (Y 2 ,Z 2 ,[/ 2 ) in Bf 0s] valued in § m x § m x § m to tfie 
BSDE (3.7) over time interval [0, s] satisfy: 

Y t l >Y 2 , te[0,s}; 

(ii) Vt£iO,T},V(y,y>),\/(z,z'),V(u,u>), 

-A(y~, F\t, y + + </, z, u) - F 2 (t, y', z>, «')) 
< (P 2 4 ? (y)(^-z')^-^) + C||rl| 2 

+2 / [IKy + u(e) - «'(e))-|| 2 - \\y~ \\ 2 + 2(j/- u(e) - v! \e))]n(de) , P - a.s., 



where C is a constant which dose not depend on t, (y, y'), (z, z'), (u, u'). 

Proof: We can see from the appendix in [10] that, for any y G § m , y has an 
expression: 

m 

y{\A) = e A ^\ i e i e?e- A , 

8=1 

where A is an antisymmetric real mxm matrix (A T = —A), A, G R, {e\, e m } 
is the standard basis of R m . 

If we set 



y + (A, A) = e A J2 Ke*eje- A , y"(A, A) = e A £ Are.ef e" 



i=l i=l 

Then from [10], we have 

d&™(y) = lb~H 2 > n s; i (y) = V + > and Vd|n(?/) = -2j/~, 
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where \\y\\ = (tr(?/ 2 ))2. So we can use the same method with that in Theorem 
3.1 to finish the proof of this theorem. 

□ 

Corollary 3.11. Let us suppose furthermore that F 1 and F 2 are independent 
of z and u. Then (ii) is equivalent to: 

(ii>) - A{y~, F\t, y + + y') - F 2 (t, y')) < C\\y~ f. 
This generalizes the result in [10]. 

4 Appendix: Proofs of main theorem 

Proof of Proposition 2.4. Applying Ito's formula to e^ 3 * | | 2 , we have for 

se[t,T], 

e Ps \Y s \ 2 + [ e P r (P\Y r \ 2 + \Z r \ 2 )dr + [ [ e f3r \U r (e)\ 2 n(de)dr 

Js Js JE 

r-T 



e^ T |£| 2 + 2 I e pr {f(r,Y r ,Z r ,U r ),Y r )dr-2 ! eP T (Y r , Z r dW r ) 

m J S J S 

e? r {\Y r _ + U r (e)\ 2 - \Y r 4 2 )N{drde). 




s JE 

Since 

2(f(r,y,z,u),y) = 2(f(r, y, z, u) - f(r, 0, 0, 0), y) + 2(f(r, 0, 0, 0), y) 
< \\A 2 + §HI 2 + 2(L + 2L 2 )\y\ 2 + 2(/(r, 0, 0, 0),y), 

and then, for s G [t,T], 

e ^\Y s \ 2 + f e ISr [((3-2L-AL 2 )\Y r \ 2 + l\Z r \ 2 ]dr+ [ [ \e Pr \U r {e)\ 2 n{de)dr 
< e> 3T \£\ 2 + 2 j e^ r (f(r,0,0,0),Y r )dr-2 J e 0r (Y r , Z r dW r ) 

_ J S J S 

e^ r (|F r _ + U r {e)\ 2 - \Y r _\ 2 )N{drde). 

(4.1) 

By replacing f3 = 2L + 4L 2 , inequality (4.1) yields 
e pr \Z r \ 2 dr+ [ [ e Pr \U r {e)\ 2 n{de)dr 




s JE 



s JE 



< 2e /3T |e| 2 + 4 ( e /3r (f{r,0,0,0),Y r )dr-4 ( e pr (Y r , Z r dW r ) (4.2) 



-2 J j e^(|y r _ + U r (e)\ 2 - \Y r _\ 2 )N(drde). 
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By the Burkholder-Davis-Gundy inequality, we have 
E[sup s£m | f T e? r (Y r ,Z r dW r )\\F t ] 

s 

< 2£ , [sup sg[t]T ] | J e^{Y r ,Z r dW r )\\T t } 

< CE[(J e 2 ^\Y T \ 2 \Z r \ 2 dr)^ t ] (4.3) 

< Ci?{[sup se[iiT] (e^|r s |)(^ T e^|Z r | 2 dr)i]|^} 

< \E[sM Vse[m e^\Y s \ 2 \T t ] + CE[J e^\Z r \ 2 dr\7 t \ 

here and in the sequel, C denote some positive constant depending only on L and 
T, and to which we allow to change from one formula to the other. And 



T 

E[sup s€%T] J j E ^ r (\ Y r~ + Ur(e)\ 2 - \Y r 4 2 )N{drde)\7 t ] 

< E[f [ e^ r \U r (e)\ 2 N(drde)+ [ [ e^ r \U r (e)\ 2 n(de)dr\j r t ] 

Jt J E Jt JE 

+2E{mp se[t>T] [ [ f e^2<y r _, U r {e))N{drde)\F t ]} 

J t J E 

< 2E[f [ eP r \U r (e)\ 2 n(de)dr\F t }+CE[( [ f e 2 ^\Y r \ 2 \U r {e)\ 2 n{de)dr)^\F t ] 

Jt T JE Jt JE 

< 2E[f [ e P r \U r (e)\ 2 n(de)dr\F t ] +CE[( sup e^ s |y fl |)( f [ e Pr \U r {e)\ 2 n{de)dr)^\T t ] 

Jt Je s£[t,T] Jt Je 

< \E[sn Psem e^\Y s \ 2 \J^ t ] + CE[^ J \^\U r \ 2 n(de)dr\F t ] 

This with (4.1), (4.2) and (4.3), we obtain 

±£[sup s6[tiT] e^y s | 2 |7^ 

< Ce^ T E[\Cm + CE[J e^|y r ||/(r,0,0,0)|dr|J- t ] 

< Cee T E[\tf\T t ] + CE[(sup sem e^ s \Y s \) J e^ r \f(r, 0, 0, 0)\dr\Tl 
Hence, 

E[ sup e^\Y s \ 2 \T t ] < CeP T E[\t\ 2 \F t ] + CE[{ C e^ r \f(r, 0, 0, 0)\dr) 2 \ T t \. 
se\t,T\ Jt 
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This, together with (4.2), gives 



E[f e /3s \Z s \ 2 ds + f [ e^\U s (e)\ 2 n(de)ds\T t ] 
Jt Jt J e^ 

< CeP T E[\tf\F t ] + CE[{j^ e^ r \f(r,0,0,0)\dr) 2 \T t ]. 



So 



E[snp s ^ T] e^\Y s \ 2 \J^ t ] + E[[ e^ s \Z s \ 2 ds + [ [ e^\U s {e)\ 2 n{de)ds\7 t _ 

Jt Jt Je 

< CeP T E[\£\ 2 \JF t ] + CE[{J e^ r \f(r,0,0,0)\dr) 2 \F t ]. 

Choose Co = Ce^ T , one can obtain (2.3). 

In order to prove (2.4), note that BSDE (2.1) is equivalent to 



%= l g(s,Y s ,Z s ,U s )ds- f Z s dW s - [ [ U s (e)N(dsde),t e [0,T] 
Jt Jt Jt Je 



where Y t := Y t - E{£\F t ), Z t := Z t - R t , U t := U t - V t and 

g(s, y, z, u) := f(s, y + £(f |.F S ), z + R s ,u + V s ). 

Then inequality (2.3) applied to (Y t ,Z t ,U t ) implies (2.4). 

To prove (2.5), we set e = T — t in (2.4) and take expectation. Then the left 
thing to us is to prove, there exists a positive constant M such that 

E[£ \f(s,E(Z\F s ),R s ,V s )\ 2 ds}<M . (4.4) 



This is because 

r-T 



E[J \f(s,E(^ s ),R s ,V s )\ 2 ds] 

< E[ J A(\f(s, 0, 0, 0)| 2 + L 2 m\ F s )\ 2 + L 2 \R S \ 2 + L 2 \V s \ 2 )ds] 

< 4Ti[sup^ tjT] |/( S ,0,0,0)| 2 ] +4TL 2 E\£\ 2 

+AL 2 E [ \R s \ 2 ds + 4:L 2 E [ [ \V s {e)\ 2 n{de)ds. 
Jt Jt Je 

By (H3) and Lemma 2.2, we can deduce that there exists Mo > 0, such that (4.4) 
holds true. So we complete the proof of the proposition. 

□ 
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Proof of Theorem 2.6. This proof is splitted into several steps, 
(a) Necessity. Let t £ (0,T] and e > be such that, for some 

U > 0,t e ■= t- e > t m > 0. 
Fix yeR m ,ze R mxd , u £ L 2 (E, B E , n\ R m ) and 

Z:=y + z(W t -W te )+ [ [ u(e)N(drde). 

Jt e J E 

Denote by (Y, Z, U) the unique solution to BSDE with jump 
Y s = £+ [ f(r,Y r ,Z r ,Z r )dr- [ Z r dW r - [ [ U r {e)N{drde), s £ [t e ,t]. 

Js Js Js J E 

Furthermore, we introduce the Process Y := {Y s , s £ [t e ,i]} as follows: 

Y,= £ + (* - s)f(t et y, z, u) - z(W t -W,)-J j u(e)N(drde) 

= y + (t-s)f(t £ ,y,z,u) + z(W s -W te ) + (t-s) [ u(e)n(de) + / / u(e)N(drde). 

J E Jt e JE 

Let's compute that 
E[\Z\ 2 \?u) 

= E\y + z(W t -W te )+ [ [ u{e)N{drde)+ I j u{e)n{de)dr\ 2 

Jt e J E ^ Jte J E 

< AE[\y\ 2 + \z(W t - W t J\ 2 + \ [ [ u{e)N{drde)\ 2 + | f [ u{e)n{de)dr\ 2 } 

^ Jt e J E ^ Jt e J E 

= A[\y\ 2 + ez 2 + / / \u(e)\ 2 n(de)dr + | / / u(e)n(de)dr\ 2 } 

Jte J E Jte J E 

< A[\y\ 2 + £z 2 + (e + n(E)e 2 ) [ \u(e)\ 2 de], 

Je 

and 



E[(f \f(r,0,0,0)\dr) 2 \F tt ]<E[e 2 sup \f(s, 0, 0, 0)| 2 | T u ] 

Jte s£[te,t] 

So according to (2.3) in Proposition 2.4, there exists a nonnegative random vari- 
able ( £ L 1 (f2, Tt,-, P) whose norm depends only on y, z and u, such that 

£[sup \Y S \ 2 \F U ]+E[[ \Z s \ 2 ds\F u ]+E[f [ \U s (e)\ 2 n(de)ds\F tt ] < £. (4.5) 
se[ts,t] Jt e Jt e Je 

18 



(In the sequel, we will denote by ( a nonnegative random variable which belongs 
to L l (Q, Tt x , P) and whose norm depends only on y, z and u, and we allow it 
to change from one formula to the other and assume that £ > 1, P — a.s. if we 
need.) By (2.4) in Proposition 2.4, 

£[sup a6[M \Y S - E(£\JF a )\ 2 \JT u ] + E[ [ \Z S - z\ 2 ds\T u ] 
+E[f [ \U s (e) - u(e)\ 2 n(de)ds\T u ] 

Jt e J E 

< C eE[[ \f(s,E(Z\jr s ),z,u)\ 2 d S \jr u } (4.6) 

Jt e 

< C eE[ J\(\f(s, 0, 0, 0)| 2 + L 2 \E(^ S )\ 2 + L 2 \z\ 2 + L 2 \\u\\ 2 )ds\JF u \ 

< e 2 4^o4 £ (suP se[t ,.t] 0, 0, 0)| 2 ) + .L 2 ^! 2 + ^ 2 k| 2 + ^ 2 ||^|| 2 |^J 

< (e 2 . 

Then 

^[ su Pse[t £ ,t] in-ylVU 

< 4£[sup se[M \Y S - E(£\ F s )\ 2 \ T u \ + 4J5[sup, 6M \z(W s - W^l^t 



+AE[(e f \u(e)\n(de)) 2 \F u ] + AE[ sup | f [ u(e)N(drde)\ 2 \J r u ] (4.7) 

JE se[t e ,t] Jt E JE 

< A[Ce 2 + e\z\ 2 + (n(E)s 2 + Ce)\\u\\ 2 } 

< Ce, for e G (0,t -Q. 

Since for t e < s < t, 
Y s - Y s 

(f(r,Y r ,Z r ,U r )-f(t £ ,y,z,u))dr- [ (Z r - z)dW r - [ [ (U r (e) - u(e))N(drde), 

Js Js JE 

we can apply Ito's formula to \Y S — Y s \ 2 over [t 6 ,t] and with the same technique 
as that in Proposition 2.4, noting (4.6) and (4.7), we have 

£[su Pse[M \Y S - Y s \ 2 \ JFu] + E[ f \Z r - z\ 2 dr\F u ] 
t 

+E[ [ [ \U r (e) - u(e)\ 2 n(de)dr\j r u ] 

Jte JE 

< CeE[[ \f(r,Y r ,Z r ,U r ) - f(t £ ,y,z,u)\ 2 dr\F u ] 

Jt E 

< 4Ce 2 {E[snp se[ y ] \f{s,y,z,u) - f(t E ,y,z,u)\ 2 \F u ] + L 2 £[sup se[M \Y S - y\ 2 \F u }} 
+4CL 2 e{E{[ \Z r - z\ 2 dr\F u ]+E[f [ \U r (e) - u(e)\ 2 n(de)dr\ F u ]} 

Jt e Jte J E 

(4.8) 
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where 

# = 8CL 2 e + 4yE[ sup \f(s, y, z, u) - f(t £ , y, z, u)\ 2 \F u \. 
s se[t e ,t] 

Observe that by (HI): 

sup \f(s,y,z,u) - f(t e ,y, z,u)\ 2 -> 0, when e -> 0, P - a.s., 

se[t e ,t] 

and that 

su Pse[M \f(s,V,z,u) - f(t £ ,y,z,u)\ 2 

< 4 sup tg[0jT] \f(t,y,z,u)\ 2 

< 8 sup te[0jT] 0, 0, 0)| 2 + 8L 2 (\y\ 2 + \z\ 2 + \\u\\ 2 ) G L\Q, F T , P). 

Hence from Lebesgue's dominated convergence theorem, 01 — > 0, P — a.s., as 
e -> 0. 

Let us now establish two auxiliary results on the processes Y and Y which 
will enable us to finish the proof of the necessity. 

Lemma 4.1. Under the assumptions made above, there is some nonnegative 
random variable £ 6 L l (Q, JF tlf , P) whose norm depends only on y, z and u such 
that 

E[\d 2 K (Y te )-d 2 K (Y t M?u]<(eJM, 

for any e > with t — e >t*. 

Proof of Lemma 4.1. Note that, since K ^ 0, there exists some constant 
C > such that, Vx, x' E R m 

\d 2 K (x) - d 2 K (x') \ = \d K (x) - d K (x')\(d K {x) + d K (x')) < C(l + |x| + \x'\)\x - x'\. 
So from (4.8) 

E[\* K Vu) - # K {Y U )\\F U \ 

< CE[(l + \Y te \ + \Y ts \)\Y ts -Y ts \\T u ] 

< C(E[(1 + \Y te \ + \Y ts \) 2 \F u ])h(E[\Y te - Y t£ \ 2 \F u ])h 

< Ce^{E[{l + \Y tE \ + \Y t£ \) 2 \F u })\. 

Observe that Y te — y + ef(t £ , y, z,u) + e / u(e)n(de), noting (H3) and (4.5), we 

Je 

have 

E[\d 2 K (Y t J-d 2 K (Y te )\\^]<Csy^, 
for some C £ L 1 ^, Ft*, P). This completes the proof of Lemma 4.1. 

□ 
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Lemma 4.2. We can find some T ^-measurable random variable 7 e = j e (y, z, u) 
with lim inf £ ^ j £ > such that 

E[d\{Y te ) - d\{£)\F u \ 
> s{E[(Vd 2 K (y),f(t,y,z,u) + [ u(e)n(de))\T u ] 

- \{D 2 [d 2 K (y)]z, z) - l -E[f [ (4(£ s „ + u( e )) - d 2 K (^-))n(de)ds\ JF U ] + 7 J, 

Jt e J E 

where £ s = y + z(W s - W te ) + [ f u(e)N(drde),s e[t e ,t]. 

Jt e J E 

Proof: We know that the function d 2 K {-) is twice differentiable almost ev- 
erywhere. Let us denote by Ax the set of all points of R m where d\ is twice 
differentiable. This set is of full Lebesgue measure. Let us fix now y G and 
define the following function a : R m — > R: 

a(x) := d 2 K (x + y)- d 2 K {y) - (Vd%(y),x) - -(D 2 [d 2 K (y)]x,x). 

There are two following properties of a(-) (see [7]): 

lim % = 0, 

|a;|— >0 \X\ Z 

\fx E R m , a(x) < \x\ 2 (l + \D 2 d 2 K {y)\). (4.9) 
First we substitute 



x = Y te - y = ef(t e , y,z,u) + e / u(e)n(de) 

Je 

in the definition of «(•)• This provides us 

E[d 2 K (Y ts )\F tt ] = d 2 K (y)+eE[(Vd 2 K (y)J(t £ ,y,z,u) + / u(e)n(de))\T u ] + e^, 

Je 

where 

7e x := IE[(D 2 d 2 K (y)(f(t £ ,y,z,u)+ [ u(e)n(de))J(t £ ,y,z,u) + [ u{e)n{de)) 

Je Je 

+ ^a{ef{t £ ,y,z,u) + e / u{e)n{de))\F u ]- 

Je 

By (H3), f(t £ ,y,z,u) + / u(e)n(de) can be dominated by some nonnegative 

Je 

random variable which belongs to L 2 (Q, J 7 ^, P), so there exists some nonnegative 
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random variable £ G L 1 (fi, J 7 ^, P) whose norm depends only on y, z and u such 
that 

| % 1 |<Ce + £[^e|/(t £ , 2/ ,^) + / u{e)n{de)\ 2 \T u ]. 

\ x \ J E 

Hence from Lebesgue's dominated convergence theorem, 7* — > 0,P — a.s., as e 
tends to 0. 

We now substitute 

x = £-y = z(W t -W u ) + [ [ u{e)N{drde) 

Jt E J E 

in the definition of «(•). If we set 

Z. = y + z(Ws-W te )+ [ [ u(e)N(drde),8E[t e ,t], 

Jte JE 

we have 

E[d\(£) - d\{y)\F u ] 
= E{J J[dl(^ + u (e))-d 2 K (^)}N(dsde) 

+ \(D 2 d 2 K {y)z(W t - W te ),z(W t - W te )) + a(z(W t - W te ))\F u } 
= eE{\ J ^[4(^ + W (e))-4(e s -)]n((ie)^ + i(D 2 4(y)z,z)|J- t ,} + 5 7£ 2 , 

where 

7e 2 = -E[a(z(W t - W te ))\F u ] = -E^y/izWx)] 

e e 



is such that 

it 



limsup7 e < 0. 

£->0 



In fact, on one hand, 



-a(y/ezWi) -»■ 0, P - a.s., as e — >■ 0. 



And on the other hand, for e > 0, with (4.9), 



-aiyfezWr) < (1 + \&* K (v)\M\Wi\ 2 G ^(i 3 )- 



Finally, we get from Fatou's Lemma 



limsup 7 2 < i£[limsup —a{y/ezWx)\JFt^\ = 0, P — a.s.. 

e^0 e-5-0 £ 
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Therefore 

E[# K {Y U ) - * K l£)\F u \ 
= e{E[(Vd 2 K (y),f(t,y,z,u) + J u(e)n(de))\T u ] 

+ E[(VcP K (y),f(t £ , y, z, u) - f(t, y, z, u))\F u ] - \{D 2 [d 2 K {y)}z, z) 
-\E[f [ (4(£ s _ + «(e)) - d 2 K ^ s J))n{de)ds\T u ] + 7* - 7 2 } 

Jt e J E 

> e{E[(Vd 2 K (y)J(t,y,z,u) + ^u(e)n(de))\F u ] - ~(D 2 [d 2 K (y)]z, z) 

-\E[f [ (<&(£,- + u(e)) - d 2 K ^ s J))n{de)ds\T u ] + ^ - 7e 2 - 7e 3 }, 

Jt e J E 

where 7e 3 = E[\Vd 2 K (y)\\f(t E ,y,z,u) - f(t,y, z,u)\\F u \. By (HI) and (H3), we 
have 

lim 7 3 -»• 0, P - a.s.. 
So the proof of Lemma 4.2 is completed by setting 7e = 7 ^ — 7 | — 7 3 . 

□ 

Note that due to the Lemma 4.1 and 4.2: 
> e{E[(Vd 2 K (y),f(t,y,z,u) + ! u(e)n(de))\T u ] 

JE t 

- \{D 2 [d 2 K {y)}z, z) -\E[! [ (4(6- + u{e)) - d 2 K ^ s .))n(de)ds\J tt } + 7 J, 

Jt E J E 



for some 7e = ■y e (y, z,u) such that liminf e ^ o7 £ > 0, P — a.s.. 

Let us return to the proof of the necessity. For this denote by (Y, Z, U) the 
unique solution to the following BSDE with jump: 



Y s = 7]+ f f(r,Y ri Z r ,U r )dr - f Z r dW r - [ f U r {e)N(drde), s G [t e ,t], 

Js Js Js J E 

where r] G L 2 (Q, J 7 , P) is a measurable selection of the set 

{(u, x) G A x i? m |x G n*(f (a;))} 6 7(8 i3(i? m ). 

We assume that K enjoys the BSVP. Hence K, G -fT, for t e < s < t, P — a.s.. 
This implies 

> E[d 2 K {Y u )-\Y t -Y te \ 2 \JT u ] = E[4(F t£ )-4(e)|J- t J-E[|F t£ -y t£ | 2 -|e-r/| 2 |^J 

23 



From Ito's formula, 

^ % -^i 2 -ie-^i 2 i^j 

= 2E[[ (Y s -Y s ,f(s,Y s ,Z s ,U s ) - f(s,Y s ,Z s ,U s ))ds\F u \ 

t t 
-E[f \Z S -Z s \ 2 ds + [ [ \U S - U s \ 2 n(de)ds\P u 

^ Jt e Jt e J E 

< C f E[\Y s -Y s \ 2 \F u }ds, 

Jt e 

where C = 2L + 2L 2 . Consequently 

> l E [d 2 K (Y ts ) - d? K (t)\T u ] - ^ f E[\Y s -Y s \ 2 \P u ]ds 

Jt F 



Z, Z) + le 



>E[(Vd 2 K (y)J(t iyi z,u)+ ! u{e)n{de))\F u ]- l -(D 2 [d 2 K 
t Je 

-\E[( [ (4(6- + u(e)) - d 2 K (^))n(de)ds\P u } - - I E[\Y S - Y s \ 2 \ T u \ds. 

Jt E Je £ Jt E 



In order to estimate the integral term in the last estimate, note that 

(4.10) 



E[\Y S -Y S \ 2 \F U ] 

= E[\(Y s -0-(Y s -v) + (t-v)\ 2 \Fu\ 
< E[# K {£)\T U \ + 2E[\Y a -Z\ 2 + \Y S - V \ 2 \T U ] 

+2(E[d 2 K ($\T u ])H(E[\Y s - tffa]) 1 * + (E[\Y S - V \ 2 \P t ^}. 



While 

\y s - £| 2 + \Y S - rj\ 2 
< 2{\Y S - E[i\P s }\ 2 + |C - E[^ s }\ 2 + \Y S - E[ V m 2 + \ V - E[ V \P S }\ 2 ), 

so from Proposition 2.4 we conclude 

sup E[\Y s -^\ 2 + \Y s - V \ 2 \P u ] -+0,P-a.s., 

sG[t s ,t] 

as e tends to 0. On the other hand, 
E[d\{£) - d\{y)\T u ] 

= E{f [ [4(^_ + w (e))-4(6-M(^e) + 4(y + ^-mj)-4(2/)l^}- 
Jt £ Je 

Recall that £ s = y + z(W s -W te )+ f [ u(e)N(drde), s G [t e , t], so 

Jt e Je 

— > y, P — a.s., as £ — > 0. 
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E 



By the Lebesgue theorem of dominated convergence, when e tends to 0, 

\E{ I [ [dUis- + u(e)) - £ K (is-)]N(dsde)\F t J 
-> / ItfAy + u ( e )) - d 2 K (y)}n(de),P - a.s.. 

Thus 

E { [ I [4(&- + u(e)) -<4(&-)]N(dsde)|.FiJ ->■ 0,P-a.s., as e ->■ 0. 

Obviously, the function c?^ is continuous at y, using again Lebesgue 's dominated 
convergence theorem, we have 

E[d 2 K {y + z{W t -W te ))-d 2 K {y)\F u ]^U,P-a.s., as e 0. 

So we conclude that 

l-^t.] -»• 0,P-a.s., as e ->• 0. 

Consequently, from (4.10) and above, we have 

E[\Y. - Y s \ 2 \ JiJ < 4(?/) + /3 £ 2 , s e [t e , t], 

where (3 2 converges to 0, P — a.s., as e tends to 0. 
Therefore 

ft 



- / £[|r s - Y s \ 2 \F u ]ds < C(d 2 K (y) + & 2 ) 



and 



E[(Vd 2 K (y),f(t, y, *,u) + J u{e)n{de))\F u ] - ^(D 2 [d 2 K (y)}z, z) 



-~E[ / / (4(6- + u(e)) - d 2 K {^))n{de)ds\T u ] - Cd 2 K {y) + 7e - C(3 2 £ < 0, P - a.s. 

Jt e J E 

Finally, since liminf e _> (7 e - Cp 2 ) >0,P- a.s.. This with (4.11), let e tend to 
0, we have 



E[(Vd 2 K (y)J(t 1 y 1 z,u)+ / u(e)n(de))\F u ] 

-±(D 2 [d 2 K (y)}z, z) - / [4(2/ + u(e)) - <P K (y)]n(de) - Cd 2 K (y) < 0, 



E 
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P-almost everywhere, for t* £ [0,T). Passing to the limit £* — > t, we obtain the 
wished result if we choose C* = 2C and note that 

Vd 2 K (y) = 2(y-U K (y)). 



□ 



(b) Sufficiency. Let K be a nonempty convex closed subset of R m . Suppose that 
(2.6) holds true. Let rj £ C co {R m ) be a nonnegative function with support in the 
unit ball and such that 



r](x)dx = 1. 



H" 



For 5 > 0, we put 
05 (x) := d 2 K *r]s{x) :■■ 



^k{ x ~ x')rjs(x')dx' 



d K (x )rjs(x — x )dx , x £ R r ' 



Obviously, (f>s £ C co {R m ). We can see from [7] that the function <ps satisfies the 
following properties 



(i) 0<<Mx) < (d K (x) + 5)\ 
ii) V05<» = / (Vg^Xx'^x-xVx', 

|V&(x)| <2(d K (aO + <5), 

^[^(^^(x-xO^x', 



(4.12) 



:iii) D 2 ^(x) 



< D 2 05(x) < 2L 



for all x £ R m . 

Consider £ £ L 2 (Q, P, K) and let (Y, Z, U) be the unique solution to the 
following BSDE with jump 



Yt = i+ f{s,Y s ,Z s ,U s )ds 



ZAW* 



t J E 



U s (e)N(dsde), t £ [0,T]. 



(4.12) enables us to apply Ito's formula to 4>s(Xt) an d to deduce that, for < t < 
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T, 5 > 0, 
E<f> s {Y t ) 



T 1 rT 



EMO + EJ ((y<f>s)(y a ),f(s,Y a ,Z a ,U 8 ))ds--E J ((D 2 cp 5 )(Y s )Z s ,Z s )ds 
-E jf J [MY s + U s (e))-MYs)-(VMY s ),U s (e)}}n(de)ds 



E f f {(Vd 2 K (y)J(s,y,Z s ,U s )-f(s,Y s ,Z s ,U s ))}r ] s(Y s -y)}dyds 

rjjt JR™ 

e[ [ {(Vd 2 K (y)J(s,y,Z s ,U s ))-l(D 2 (d 2 K (y))Z s ,Z s ) 

Jt J R m 



< 5 2 



t JR" 

' [d 2 K (y + U s (e)) - d 2 K (y) - (Vd 2 K (y), U s {e))]n{de)} m {Y s - y)dyds. 



E 



Then from (2.6) and (4.12), for 5 E (0, 1), 
EMYt) 

< 5 2 + ^E [ [ d 2 K (y) m (Y s - y)dyds 



+E j I 2d K (y) max \f(s,y,Z a ,U a ) - f(s,Y s , Z s ,U a ))\rj s (Y s - y)dyds 
Jt JRp y-\y-Y s \<s 

< S 2 + ^-J E[MYs)}ds 

+E f (l + MYs)) max \f(s,y, Z a ,U a ) - f(s,Y s , Z s ,U a ))\ds. 

Jt V-\V-Y a \<8 



t J R" 



Since 



E (t>s{Y s ) max \f(s,y, Z„ U s ) - f(s,Y a , Z a , U s ))\ds 
Jt y-\v-Y s \<5 

< E I MY S ) max L\Y S - y\ds 

Jt r-\y-Ys\<s 

< E J L8cj)s(Y a )ds, 



We choose 5 < ^, then 



EMYt) <S 2 + L(T - t)S + (1 + ^)J E<p 5 (Y s )ds. (4.13) 

for < t < T. On the other hand, from (4.12-i), we deduce 

EMYt) < E[d K (Y t ) + S} 2 < 2E(d%(Y t ) + 5 2 ) < 2E{2\Y t \ 2 + 24(0) + 5 2 ) < +oo. 
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This allows to apply Gronwall's inequality to (4.13), it yields 

EMYt)<iS 2 + L(T-t)5]e( 1+ ^ T . 

Note that 

<f>s(Y t )= / d 2 K (Y t -y)r] 5 (y)dy^d 2 K (Y t ), as 5^0,P-a.s.. 
Thus, from Fatou's Lemma, we conclude that 

Ed 2 K (Y t ) = E[\im(f)s(Y t )} < liminf E<f> s (Y t ) < liminf[5 2 + L(T - t)5}e {l+ ^ )T = 0, 

<5— >0 8-tO 5— s-0 

for < t < T. That is 

P{lo : Y t (u) G K} = 1, Vt G [0,T] 

which is equivalent to 

P{u : r t (w) G K,Vt G [0,T]} = 1. 

□ 

References 

[1] A. D. Alexandrov, The existence almost everywhere of the second differen- 
tial of a convex function and some associated properties of convex surfaces, 
(in Russian), Ucenye Zapiski Leningrad. Gos. Univ. Ser. Math. 37(6), 3- 
35(1939). 

[2] Aubin J.-P. and Da prato G., Stochastic Viability and Invariance, 
Ann. Scu. Norm. di Pisa 21 (1990)595-694. 

[3] Aubin J.-P. and Da prato G., Stochastic Nagumo's Viability Theorem, 
Stochastic Analysis and Applications, N. 13, (1995) pp. 1-11. 

[4] Aubin J.-P. and Da prato G., The viability theorem for stochastic differential 
inclusions, Stochastic Anal. Appl. 16 (1), (1998) 1-15. 

[5] G. Barles, R. Buckdahn, E. Pardoux : BSDE's and integral-partial differen- 
tial equations, Stochastics, 1997,60: 57-83. 

[6] R. Buckdahn, S. Peng, M. Quincampoix and C. Rainer, Existence of stochas- 
tic control under state constraints, C. R. Acad. Sci. Paris, t.327, serie I, 
p. 17-22, 1998. 



28 



[7] R. Buckdahn, M. Quincampoix and A. Ra§canu, Viability property for a 
backward stochastic differential equation and applications to partial differ- 
ential equations, Probab. Theory Related Fields 116 (2000) 485-504- 

[8] F. Coquet, Y. Hu, J. Memin and S. Peng, A general converse comparison the- 
orem for backward stochastic differential equations, C. R. Acad. Sci. Paris, 
Ser. I 333 (2002) 577-581. 

[9] N. El Karoui, S. Peng and M. C. Quenez, Backward stochastic differential 
equation in finance, Math. Finance, 7 (1997), pp. 1-71 

[10] Y. Hu and S.Peng, On the comparison theorem for multidimensional BSDEs, 
C. R. Math. Acad. Sci. Pans 343 (2006), No. 2, 135-140. 

[11] N. Ikeda and S. Watanabe, Stochastic differential equations and diffusion 
processes, North Holland/Kodanska, 1981. 

[12] E. Pardoux, S. Peng, Backward stochastic differential equations and quasilin- 
ear parabolic partial differential equations, in: Stochastic Partial Differential 
Equations and their Applications, Charlotte, NC, 1991, in: Lecture Notes in 
Control and Inform. Sci., vol. 176, Springer, Berlin, 1992, pp. 200-217. 

[13] S. Peng, A generalized dynamic programming principle and Hamilton- 
Jacobi-Bellmen equation, Stochastics Stochastics Rep., 38 (1992), 119-134- 

[14] M. Royer, Backward stochastic differential equations with jumps and re- 
lated non-linear expectation, Stochastic Processes and their Applications, 
116 (2006) 1358-1376. 

[15] Z. Wu, Fully coupled FBSDE with Brownian motion and Poisson process in 
stopping time duration, J. Aust. Math. Soc. 74 (2003), 249-266. 



29 



